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Abstract
The influences of uncertainties in structural parameters on the flutter speed of wing are studied. On the basis of the deterministic
flutter analysis model of wing, the uncertainties in structural parameters are considered and described by interval numbers. By virtue of 
first-order Taylor series expansion, the lower and upper bound curves of the transient decay rate coefficient versus wind velocity are 
given. So the interval estimation of the flutter critical wind speed of wing can be obtained, which is more reasonable than the point esti-
mation obtained by the deterministic flutter analysis and provides the basis for the further non-probabilistic interval reliability analysis of 
wing flutter. The flow chart for interval finite element model of flutter analysis of wing is given. The proposed interval finite element 
model and the stochastic finite element model for wing flutter analysis are compared by the examples of a three degrees of freedom
airfoil and fuselage and a 15º sweptback wing, and the results have shown the effectiveness and feasibility of the presented model. The 
prominent advantage of the proposed interval finite element model is that only the bounds of uncertain parameters are required, and the 
probabilistic distribution densities or other statistical characteristics are not needed. 
Keywords: wing flutter; flutter speed; uncertainty; interval analysis 
1 Introduction*
The flutter of wing is a kind of self-excited vi-
bration which involves interactions of inertial, elas-
tic and aerodynamic forces. The flutter speed is an 
important assessment index for the dynamic stabil-
ity of wing[1]. During design phase, the flutter speed 
can be predicted through the wind tunnel test or 
theoretical calculation, which usually are conducted 
under the assumed conditions of the stiffness and 
mass distribution of wing. Therefore, before the 
flutter analysis of wing, the natural frequency, vi-
bration mode and damping must be obtained by the 
ground vibration testing. In recent years, the flutter 
analysis of wing is still mainly deterministic analy-
sis. In fact, due to the scattering of the mechanical 
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properties of materials, the manufacturing errors of 
components and the assembling errors etc., the 
structural stiffness and mass distribution of wing are 
uncertain so that the aerodynamic stability of wing 
is also uncertain[2]. At present, there are three main 
ways[3] to deal with uncertainty, including the prob-
abilistic analysis approach[4-5], fuzzy analysis meth- 
od[6-7] and set-based theoretical convex method [8-10].
Liu et al.[11] considered the randomness in the struc- 
tural stiffness and mass distribution of wing and 
studied the probabilistic reliability analysis of wing 
flutter. Ge and Xiang[12] studied the random influ-
ences of self-excited aerodynamic force or aerody-
namic derivatives, and established the stochastic 
finite element model for the flutter analysis of 
bridge; then based on this model the reliability 
problem of bridge flutter with random factors was 
studied[13-14]. However, in fact, the test samples of 
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structures are usually scant so that the statistical 
data are difficult to be obtained, whereas the bounds 
of uncertain information are easier to be de-
fined[15-16]. Thus, the set-based theoretical convex 
methods have emerged, including convex models[17]
and interval analyses[18-21], which describe the un-
certain parameters by the bounded convex set. 
In this paper, the influences of parameter un-
certainties on the wing flutter are considered. By 
describing the uncertain factors with the interval 
numbers, the interval finite element model for the 
wing flutter analysis is proposed. It can give the 
approximately estimated interval of flutter speed, 
which is more reasonable than the point estimation 
method which neglects those uncertainties. The 
proposed model will lay the foundation for further 
non-probabilistic reliability analysis of wing flutter. 
  2 Deterministic Model for the Flutter  
Analysis of Wing 
PK-method has prominent advantages over 
other methods in determining the flutter speed by 
solving the equation of flutter modal. For the sake 
of convenience of following formulation, the con-
cise procedure for PK-method[12] is given in this 
section. According to the condition of dynamic 
equilibrium of wing, the finite element flutter equa-
tion can be expressed as 
( ) ( ) ( ) ( )t t t t   M D K A G G G        (1) 
where M, D and K are, respectively, the global mass 
matrix, the global damping matrix and the global 
stiffness matrix of wing, A(t) is the global aerody-
namic force vector, and 
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where As and Ad are, respectively, the global aero-
dynamic stiffness matrix and the global aerody-
namic damping matrix, U and U are, respectively, 
the horizontal free-stream velocity and the air den-
sity, ( )tG  is the global nodal displacement vector of 
wing, in virtue of modal decomposition method 
which can be expressed as 
( ) ( )t t G )[               (3) 
where )  is the modal matrix and ( )t[  is the modal 
coordinate vector. 
By substituting Eqs.(2)-(3) into Eq.(1) and pre- 
multiplying the transposed modal matrix )T, we can 
obtain
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which is called modal flutter equation, where Mg =
)TM) is the modal mass matrix, Dg = )TD) is the 
modal damping matrix, Kg = )TK) is the modal 
stiffness matrix, gsA = )TAs) is the modal aerody-
namic stiffness matrix, and gdA = )
TAd) is the 
modal aerodynamic damping matrix. 
The wing will sustain the harmonic motion at 
the time of flutter. The modal coordinate is assumed 
to be of the following form 
0 exp( )tO [ [               (5) 
where 0[  and O represent, respectively, the ampli-
tude vector and complex eigenvalue of flutter re-
sponse, and 
( )iO ' Z                (6) 
where '  is the transient decay rate coefficient and 
Z is the circular frequency, and 
/kU BZ                (7) 
So the reduced frequency is /k B UZ , where 
B is half reference length. Substituting Eqs.(6)-(7) 
into Eq.(5) yields 
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Substituting Eq.(8) into Eq.(4), we can obtain 
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The flutter of wing corresponds to the constant 
amplitude motion with zero damping. Namely, ' = 
0 or k('+i)=ki. Because of 0 exp( ( ) / ) 0Uk i t B'  z[ ,
the determinant of coefficient matrix should be zero. 
The flutter equation of the PK-method can be ob-
tained as 
g 2 2 2 g
gg 2 g
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3 Interval Finite Element Model 
The flutter equation for the PK-method in-
cludes the structural parameters, such as mass, 
damping and stiffness etc., which can be represented 
as
T
1 2( , , , )ma a a a "           (11) 
In the deterministic flutter analysis of wing, 
only the deterministic value or nominal value a0 of 
these structural parameters is considered. How-ever, 
in the uncertain flutter analysis of wing, the influ-
ence of the uncertainty of structural parameters on 
the wing stability also needs to be considered. 
In practice, usually no sufficient information 
on uncertainty can be obtained so that it is difficult 
to determine their statistical characteristics. Never- 
theless, the bounds of uncertain parameters often 
can be defined easily. They can be described by in-
terval notation as 
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[ , ]
[ , ] ( )
I
I
ia
   
'  '  
a a a a
a a a a         (12) 
or
0 0
[ , ]
[ , ] , 1,2, ,
I
ii i i
i i i i
a a a a
a a a a i m
   
'  '  "     (13) 
where ( )ia a  and ( )ia a are, respectively, the 
upper bound and lower bound of structural parame-
ter vector ( )i= aa .
The structural parameter vector is slightly dif-
ferent from the nominal value a0 and can be denoted 
by 
0
0
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 
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      (14) 
where į (į ) mia Ra  is a small uncertain quantity. 
By comparing Eqs.(12)-(14), it can be found that the 
following expression holds 
į or į i ia ad ' d 'a a        (15) 
Therefore, the problem of flutter analysis of 
wing with uncertainty can be stated as: solving the 
varying ranges of circular frequency Z and transient 
decay rate coefficient ' in complex eigenvalue O
under the constraint Eq.(15), and then obtaining the 
varying range of flutter speed Ucr. However, it is 
very difficult to obtain the exact interval of flutter 
speed. Thus, it is expected that an approximately 
estimated interval of Ucr can be given. 
With the help of first-order Taylor series ex-
pansion, the situation of circular frequency Z and 
transient decay rate coefficient ' in complex eigen-
value O of flutter response of wing with uncertain 
parameter 0 į a a a  varying with free-stream ve-
locity U can be approximately expressed as 
0
0
1
( , )
( , ) ( , ) į
m
i
i i
U
U U a
a
ZZ Z
 
w
 
w¦
a
a a   (16) 
and
0
0
1
( , )
( , ) ( , ) į
m
i
i i
U
U U a
a
'' '
 
w
 
w¦
a
a a   (17) 
By applying the natural interval extension to 
Eqs.(16)-(17), the intervals of Z and ' can be ob-
tained, respectively, as 
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After the interval operations, and according to 
the necessary and sufficient condition of the equal-
ity of interval numbers, the lower bound curve and 
upper bound curve of circular frequency Z varying 
with U are, respectively, 
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Similarly, the lower bound curve and upper 
bound curve of transient decay rate coefficient'
varying with U are, respectively, 
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The free-stream velocity corresponding to the 
null of Eq.(22) is the upper bound crU  of flutter 
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speed Ucr, and the free-stream velocity correspond-
ing to the null of Eq.(23) is the lower bound crU  of 
flutter speed Ucr. Thus, the approximate estimation 
of flutter speed interval is 
cr cr cr[ , ]
IU U U             (24) 
The middle value 0( , )UZ a  and 0( , )U' a  in 
Eqs.(16)-(23) can be obtained by the PK-method 
solving Eq.(10) under the conditions of the given 
nominal value a0 of uncertain parameter and the 
velocity U. For the computation of the partial de-
rivatives 0( , ) / iU aZw wa  and 0( , ) / iU a'w wa , due to 
the complicated implicit function relationship be-
tween Z and ', it is not easy to obtain their 
analytical expression. One practical method is to 
adopt the difference approximation. 
The flow chart of calculation for the proposed 
interval finite element model of flutter analysis of 
wing with uncertainty is shown in Fig.1. 
Fig.1  Flow chart of calculation for interval finite element 
model of flutter analysis of wing. 
4 Stochastic Finite Element Model 
For the sake of comparison, the uncertain 
structural parameter vector T1 2( , , , )ma a a a "  is 
considered as random variable in this section. Here, 
the stochastic finite element formulations for the 
flutter analysis of wing are given based on the 
method proposed in Ref.[12] for the flutter analysis 
of bridge. 
The random variable a can be written in the 
form of Eq.(14), then a0 is the mean value and Ga is 
the random variable with mean value of zero and 
standard deviation of Va. Thus, Eq.(17) can also be 
interpreted as the first-order Taylor series expansion 
of ( , )U' a  about the mean value a0 of the structural 
parameter vector a.
By taking the expected values of both sides of 
Eq.(17), the mean value or expected value of tran-
sient decay rate coefficient ' can be obtained as 
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Noting that  į iE a  is zero, we can obtain 
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For the variance of ', in a similar way we can 
obtain
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where Cov( , )i ja a  is the covariance of random 
structural parameter. 
When the random structural parameter vari-
ables are independent, the variance of the transient 
decay rate coefficient can be reduced as 
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where = Var( )
ia iaV  is the standard deviation of a.
Let l be a positive integer, then the probabilis-
tic region of l times standard deviation of its mean 
value of ' is 
p p 0p
0
[ ( , ), ( , )] [ ( , ) ( ( , )),
( , ) ( ( , ))]
I U U U l U
U l U
' ' ' ' V '
' V '
  
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where ( ( , )) Var( ( , ))U UV ' ' a a  is the standard 
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deviation of ', and the lower bound and upper 
bound of ' are, respectively, 
0p ( , ) ( , ) ( ( , ))U U l U' ' V ' a a a      (30) 
and
p 0( , ) ( , ) ( ( , ))U U l U' ' V ' a a a      (31) 
Similar to Eq.(24), from Eqs.(30)-(31), the ap-
proximately estimated interval of flutter speed ob-
tained by the stochastic finite element model is 
pcr pcr pcr[ , ]
IU U U             (32) 
5 Numerical Examples 
In this section, a three degrees of freedom air-
foil and fuselage and a 15º sweptback wing are used 
to illustrate the feasibility of the proposed interval 
finite element model for the flutter analysis of wing 
with uncertainty. 
Example I  Three degrees of freedom airfoil and 
fuselage
Fig.2  Three degrees of freedom airfoil and fuselage. 
As shown in Fig.2, the airfoil is connected to 
the fuselage mass by bending and torsion springs, 
and the fuselage is free to plunge. The length of 
wing chord is 2B = 1.8 m. The airfoil center of grav-
ity is at the 37% of wing chord, its aerodynamic 
center is at the 25% of wing chord, and the springs 
are connected to the “elastic axis” at the 40% of 
wing chord. The airfoil lift curve slope is the theo-
retical two-dimensional incompressible value of  
clD= 2S. The fuselage mass is 2 000 kg. The bend-
ing stiffness and bending damping of spring are, 
respectively, 2 000.0 N/m and 6 N·s/m, and the tor-
sion stiffness and torsion damping are, respectively,   
2 000.0 N·m/rad and 3 N·s·m/rad. 
Suppose that the airfoil mass and the moment 
of inertia about elastic axis are uncertain parameters, 
and their interval numbers are: Iam = [1 700, 2 300] 
kg, IaI = [0.9, 1.1]×10
–4 kg·m2. For comparing with 
the stochastic finite element model, it is also as-
sumed that the two uncertain parameters have the 
normal distributions within the given intervals. Ac-
cording to “3V” rule, their mean values and stan-
dard deviations are 
amP = 2 000 kg, aIP = 1.0×10
–4
m4,
amV = 50 kg, aIV = 3.0×10
–6 m4. This example 
uses strip theory aerodynamics with the W.P.Jones 
approximation to the Theodorsen circulation func-
tion. The lower bound and upper bound curves of 
V-g (g = 2') obtained by the proposed interval finite 
element model for uncertain flutter analysis are 
shown in Fig.3. Fig.3 also gives the lower bound 
and upper bound curves of V-g (g = 2') obtained by 
the stochastic finite element model, which can be 
obtained by the probabilistic region of three times 
standard deviation of its mean value of g.
It can be seen from Fig.3 that the lower bound 
and upper bound curves obtained by the interval 
finite element model are in good agreement with 
those obtained by the stochastic finite element 
model. So the interval estimation of flutter speed 
obtained by both of the two models is cr
IU = [224.70, 
228.72] m/s. 
Fig.3  Lower bound and upper bound of V-g curves. 
Example II  15º sweptback wing 
A 15º sweptback wing as shown in Fig.4 is 
considered. The length of wing chord is 2B=2.070 6 
m and the length of wing span is l = 5.72 m. The 
airfoil consists of several independent segments, 
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Fig.4  15° sweptback wing. 
including the beveled leading and trailing edge re-
gions with constant thickness in between. The air-
foil thickness is 0.041 m, and it is beveled between 
the first and last one eighths of the wing chord. The 
material of this wing is aluminum alloy, and its 
Poisson ratio is Q= 0.3. 
Due to the scattering of material property, its 
elastic modulus and density are uncertain and their 
intervals are: EI = [67.0, 73.0]×109 N/m2 and UI =   
[2 600.0, 2 800.0] kg/m3. For comparing with the 
stochastic finite element model, it is also assumed 
that the elastic modulus and density are normal or 
Gaussian distributions in their interval numbers with 
the mean values of PE = 70.0×109 N/m2 and PU =   
2 700.0 kg/m3 and the standard deviations of 
amV =
1.0×109 N/m2 and VU= 33.3 kg/m3. This example 
adopts Piston theory aerodynamics with the Van 
Dyke correction. The lower bound and upper bound 
curves of V-g (g = 2') obtained by the proposed 
interval finite element model for uncertain flutter 
analysis are shown in Fig.5. Fig.5 also gives the 
lower bound and upper bound curves of V-g (g = 2')
obtained by the stochastic finite element model, 
which can be obtained by the probabilistic region of 
three times standard deviation of its mean value of 
g.
It can be seen from Fig.5 that the interval of 
damping g obtained by the interval finite element 
model is slightly wider than that obtained by the 
stochastic finite element model. Namely, the upper 
bound of damping g obtained by the proposed 
model is slightly larger than that obtained by the 
stochastic finite element model, and the lower 
bound of of damping g obtained by the proposed 
model is slightly smaller than that obtained by the 
stochastic finite element model. The interval esti-
mation of flutter speed obtained from the upper 
bound and lower bound curves of the proposed in-
terval finite element model is cr
IU = [759.00, 776.83] 
m/s, whereas the interval estimation of flutter speed 
obtained from the upper bound and lower bound 
curves of the proposed stochastic finite element 
model is pcr
IU = [759.03, 776.67] m/s. Therefore, in 
case that the known information on uncertainties is 
too scant to determine their statistical characteristics, 
the proposed interval finite element model can give 
a better estimation of the flutter speed of wing with 
uncertainties.
Fig.5  Lower bound and upper bound of V-g curves. 
6 Conclusions 
In this paper, the influences of uncertainties in 
the structural parameters on the flutter speed of 
wing are studied. These uncertain factors are de-
scribed by interval numbers. With the help of 
first-order Taylor series expansion, the interval fi-
nite element model for the flutter analysis of wing 
with uncertainties is presented, which can give an 
approximate interval estimation of the varying range 
of the flutter speed caused by uncertainties. Through 
two examples, including a three degrees of freedom 
airfoil and fuselage and a 15° sweptback wing, 
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comparisons between the proposed interval finite 
element model and the stochastic finite element 
model for the flutter analysis of wing with uncer-
tainties are performed. The results show that the 
proposed interval finite element model can give a 
better estimation of the flutter speed of wing with 
uncertainties under the condition that the informa-
tion on uncertain factors is scant. Furthermore, the 
interval estimation of the flutter speed of wing with 
uncertainties is more reasonable than the point es-
timation, which neglects the uncertainties. The pro-
posed model will lay the foundation for further 
non-probabilistic reliability analysis of wing flutter. 
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